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This problem is also technically very rich

Analytically:
m Allows a consistent setup of an evolution problem with well
defined initial conditions,
m An approximate integral solution can be obtained using
perturbation theory,
m Requires the discussion of a general radiation extraction
formula in axially symmetric spacetimes at null infinity.

Numerically it requires:

m The integration of many non-trivial integral solutions using
Green functions,

m The discussion of strategies to compute non-trivial
integration domains,

m The treatment of singularities, and other numerical issues
through series expansions & recurrence relations.

= Excelent ground to illustrate many techniques, within a well
defined and interesting problem.
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Plan for Today

AS Gravitational Shock Waves
m Physical properties & Ray Optics
m Superposition & causal structure
m Perturbative Setup & Solutions

Numerical Strategies — Surface Integrals
m Breaking down the problem
m Numerical domain search
m Dealing with the Integrand

Tomorrow: Radiation extraction, Sources & Results.
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m Solution of Einstein’s equations, point source P* = E n*

T = E§(u)d P~ (x\ntn” | n*n, =0, k= 8”G§E

Qo

W7 D>4

—2In(p), D=4

m The shock profile is ¢(p) = {

Z axis
®(p) D=5

dt

(==} w (=2} Ne=)
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Symmetries:

m Axial symmetry (¢, rotations on dQ2p_3)
m Advanced null translations v — v + const.

= Metric of one shock wave effectively 2D (u, p)

m Boosts along +2z, with velocity g = tanh a, up to a scalling
E—-E =e"E (&r—v=Ee"E)
Geometrical optics:

m Riemann tensor singular on the shock plane

m Null rays & tangent vectors discontinuous across shock



Null rays scattering through shock wave D = 5

Play Video 1 Play Video 2

m Null rays more delayed if aimed closer to center

m Also more bent inwards, (even backwards) closer to center

m Envelope of outermost null rays defines causal boundary
& becomes original null plane of rays @ late times

m Envelope of innermost rays defines a sphere @ late times



Null rays scattering through shock wave D = 4

Play Video 1 Play Video 2
Same as before except that:
m Rays far from center advance instead of delaying
(coordinate effect since jump o« ®(p)).
m But deflection/convergence of rays produces same effects

(physical effect since f’j—‘;’)
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Superposition of two shock waves in CM

Consider oppositely moving shocks
= same line element with u < v!

Superimposing 2 shocks we know:

They move @ speed of light
= Cannot influence each other before collision
= Metric before collision is sum of two shock metrics

How null generators of a shock scatter through other shock
= Defines causal structure, i.e. regions causally
disconnected to collision (see next slide).

There is an apparent horizon already before the collision
= Black hole must form & Bound on inelasticity is __ auvoma

04F e ]

1 )
1 (D-—2%p_2)\D-2 e
€radiated < 1 — 5 ( 50 Dfs) 03r ¥

02|

D. M. Eardley and S. B. Giddings, gr-qc/0201034

3456 78 9101112
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Causal structure D = 4

Similar diagrams except that:
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Causal structure D = 4

Similar diagrams except that:
m Profile function lim,_, ;o ®(p) = —o0.
m Rays with p > k = step forward in time.

Play Video 1 Play Video 2
Note (all D): backscattered rays (M < 1) inside AH = Trapped!
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Exact initial conditions in Brinkmann coordinates

In these (asymmetric) coordinates adapted to shock u = 0:

0 5

Onu=0": 1
QW(Va Xi) =N + /fh;(;ll/)

Metric on other surface
determined by initial conditic
since causally connected
only to points on the collision
line @ u=0.

= Well defined evolution problem into (future) region IV,
given EXACT initial conditions.
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Two roads to a perturbative construction - Road Il

Exact initial data on u = 0:
m Looks like series expansion in x around Minkowski:

Gy (v, X3) = s+ wh3) + 12hE)

m Infact k'hY) o [xh(v. p))' = [h(v, p)]', in units = 1.
m In regions of the (v, p) plane where h(v, p) < 1 (v < g(p)):
= Initial data, 1st and 2nd order perturbation of Minkowski!

m Condition verified well for rays of large pincigent > 1.
= Maps to points close to axis in curved future region IV.
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D’Eath and Payne’s Physical picture:
Perform a large boost along z with velocity 5 = tanh «
Energy of u = 0 shock x — v = e“k, blue-shifted.
Energy of v = 0 shock kK — \ = e “k, red-shifted.

Then:
m Exact boundary conditions on u = 0" (strong shock v/)
A N2 o
et 30+ (3) 2]

2
— pDb-3 —
G 5

m Perturbative parameter 2 = e=2* < 1 if « large.

= Weak shock (v = 0) small perturbation of flat space-time.
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In Boosted frame
= Smaller pjncigent allowed.
= Perturbative region wider (expands away from the axis).

CM frame boosted frame (—z direction)

Boost emphasizes validity of approximation close to the axis.
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Perturbative expansion

In the perturbative region (close to rays originating from
perturbative initial conditions):

m Assume perturbative ansatz

9w (U > 0,V, X)) = + Z w"hi)

n=1
m Fix gauge order by order (de Donder condition l_vaﬁﬁ =0)

o
Xt — xNH = x4 Z kMM
n=1

m Obtain decoupled tower of wave equations with source
N _ —1 (k<n)
OAEN = T A"

Note: The source is zero for i = 1!



Causal structure of the background & formal solution

AN = [ dPy Gly.y') [T D) + 20()on M)

u'>0
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Axial symmetry allows to expand all metric elements using
Xi

; )
Then (A(u, v, p),B(u,v,p),...):

r,'E (5,1 , AUE(SU—(D—2)F,D,

hw=A=AN 4+ A® + = h,=8Br;=(B"+B2 4+ ),
hy=C=0+C®+ ... h;=Fl;=0+F® 4+ ),
hy=G=0+G® + ...

hj= ENj+HG = (EW+E® - )A;+(0+H® +..)5;

Similar decomposition for the source T,E";”. Also denote:
m Generic metric function by £ (u, v, p)'.
m Its source by SV (u, v, p).
m Note FY(0, v, p) = f(p) [h(v,p)]", n=1,2.

m = 0,1, 2 is the rank of the transverse space-tensor.
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Then the integral solution is:

Fr(nn)(ua V,p) = Fr(n,%urf + Ff(nl?)\/o/
with
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Then the integral solution is:

F (U, v, p) = Fieys + Fanben
with
_1\D n D—4
Fisu = = ges (22 dp'f(p')p 2 "I (x.)
(2mp) 2 Dgurf
and

_ an B
Fr(nn)\/o/ 2(2 f;D : / dU / 5 dV dp Sf__n 1)(U/7 V/, p')/,%o(x)
4 Vol



Summary of perturbative solutions |l

Then the integral solution is:

F\w, v, p) = F\"

m,Surf

+ F(n)\/o/
with
—1)b n D—4
Fisu = = ges (22 dp'f(p')p 2 "I (x.)
(2mp) 2 Daurs
and

Fr(:)vm 2(;? ; /dU/D av'dpyf S;(:n WV, IR0 (x)
4 Vol

y=(u,v,X)

2 _
X_p+p 2£u u')(v— v)<.I
pp’




Summary of perturbative solutions |l

Then the integral solution is:

FD(u, v, p) = /:157")3 et ,_-(n)v y
with
_1\D n D4
Finsurt = =D (@) do'f(p)p' 2 IR (x.)
(27rp) 2 DSurf
and
il = poatz [ [ a0 B0
2(27rp Dvor o
y = (u,v,X)
X = pP4p?—2(u—u')(v— v)<1
2pp’
(15" in handout).
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Physical interpretation of the solutions

A very clear physical picture to this tower of solutions is:

At 1st order, there is an impulsive creation of a
configuration of radiation on v = 0™ in the initial conditions.
This propagates freely on the flat background.

The 2nd order hff) propagates on a flat background, and
another signal of radiation is generated by the source of
h,(],,). This must encode backscattering.

Higher order perturbations h,(f,,>2), are zeroon u = 0.
However, they are sourced by lower order perturbations,
thus radiation is created spontaneously.



Numerical Strategies — Surface Integrals
m Breaking down the problem
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Change variables y = %, p=(V2v—o(p)pP*and g = 4

_1\D n
F(n) _ n(=1)"Qp_4 5 (@) dyf(y)y 2 +nIDn( *)

m,Surf p(073)(2ﬂ+Nu*NV)(27r)D% q Dsur



Surface integrals & Simplified form

Change variables y = %, p=(V2v—o(p)pP*and g = 4

F(”) _ ni(—1)PQp_4 v2\" dv f M_pnlD,n .
m,Surf p(D*3)(2ﬂ+Nquv)(2ﬂ-)¥ ( q ) D y (}/)y 2 m (X )
2y ’ 2alypa— 1] D> 4



Surface integrals & Simplified form

Change variables y = %, p=(V2v—o(p)pP*and g = 4

(n  _ _ n(=1)°Qp 4 v2\" 41 nD,n
Fm Surf — p(D*3)(2”+NU*NV)(2ﬂ-)¥ ( q ) e dy f(Y)y ) / ( *)
’ 2y I P P R L

m p dependence scales out!
m Integrand depends only on p, g (hidden symmetry)!

m Non-trivial domain Dgyf : X, < 1.
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Summary of the procedure

The numerical task at hand then involves the following steps:

Numerical search of integration domain Dgy,f, X, < 1:
Classification of roots & 1D bracketing.

Implementation of functions I,%”(x*): Polynomial (or series)
expansions & recurrence relations.

Removal of integrable singularities of /27” (x+): adapted
changes of variables & polynomial (or series) expansions.

Main code written in C++ with GSL libraries for numerical
integration & bracketing algorithms.

| will show Mathematica checks/examples to illustrate.



General advice from my experiences with numerics



General advice from my experiences with numerics

Break down the problem (self contained/testable tasks)




General advice from my experiences with numerics

% Break down the problem (self contained/testable tasks)

Test your code to destruction: The earlier the better!




General advice from my experiences with numerics

% Break down the problem (self contained/testable tasks)

Test your code to destruction: The earlier the better!




General advice from my experiences with numerics

% Break down the problem (self contained/testable tasks)

Test your code to destruction: The earlier the better!

dentify operations to be done once instead of repeatedly [04% 2"




General advice from my experiences with numerics

Break down the problem (self contained/testable tasks)

%’,

Test your code to destruction: The earlier the better!
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Past light cone/collision condition x, < 1 reduces to C_(y) < 0.

See later x, = —1 induces integrable singularity @ C,(y) = 0!

One can also show that:
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Domain conditions

Consider the two following polynomials/functions (s = +)
Cs(y) = y7 2 +2sy7 % — (V2gp - 1)y"* + V2qy® *¢ (v)
Past light cone/collision condition x, < 1 reduces to C_(y) < 0.

See later x, = —1 induces integrable singularity @ C,(y) = 0!

One can also show that:
mCi(y)>C.(y).
m For y > 0 there are < 2 roots for Cs(y) & a minimum at

Vonin = —5(D—3)++/1+v2q(D—2)((D—4)p+2)
min = D—>

= Domain determination reduces to root finding
(see Mathematica example 1)
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(see Mathematica example 2.2)




Sensitive features of the integrand /5" (x,)

Integrand contains several pieces to be computed with care:

Singularities @ x, = s = +1, due to
1 _ 1
VE(I=x2) /(0 —x)(ExET)
m Adapted change of variable y = y*°** — kw? & split domains.
m Writing expressions & using series in problematic regions.

(see Mathematica example 2.3)



So far we have seen:

m How to superimpose two shock waves & write exact initial
conditions for evolution;

m Formulated approximate perturbative scheme to find
gravitational perturbations close to axis;

m Found the general perturbative solutions, order by order,
as source and volume integrals;

m Addressed surface integrals with some practical examples.

Tomorrow = Numerical results, radiation extraction
& Higher orders.



	AS Gravitational Shock Waves
	Physical properties & Ray Optics
	Superposition & causal structure
	Perturbative Setup & Solutions

	Numerical Strategies – Surface Integrals
	Breaking down the problem
	Numerical domain search
	Dealing with the Integrand


